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Abstract 

We study the restriction of the Bump-Friedberg integrals to the complexe line {(s, 2s), s £ 
C}. It has a simple theory, very close to that of the Asai L-function. It is an integral 
representation of the product L(s, tv)L(2s, A 2 , 7r) which we denote by L hn (s,iv), when tt is 
a cuspidal automorphic representation of GL(k, A) for A the adeles of a number field. In 
the global case, when k is even, we show that for a cuspidal automorphic representation tt, 
the partial L- function L hn ' s (s, tt) has a pole at 1/2, if and only if tt admits a global period, 
this gives another proof of a theorem of Jacquet and Friedberg, asserting that tt has a global 
period if and only if L(l/2, tt) 7^ and L(l, A 2 , tt) — 00. We also show functional equations in 
the global and local cases (except at the archimedean places). In the local non-archimedean 
case, we show that linear periods of tt are related to exceptional poles of L u "{s,tt) when tt 
is unitary, this property should hold in general. We also deal with the case k odd, then the 
partial L- function is holmorphic in a neighbourhood of Re(s) > 1/2. 

Introduction 

In this paper, we study the retriction of the integrals of two complex variables (si, S2) defined in 
[B-F] . and attached to global and local smooth complex representations of GL(2n), to the line 
s 2 = 2si. 

It turns out that this restriction has a theory very close to the theory of Asai L-functions, whose 
Rankin-Selberg theory, initiated by Flicker, is quite complete now (see [FJ, |F-Zj . [K] . | AKTj . 
|AR] . |Mlj . |M2| . |M3| ). Hence, though some of the results obtained in the sequel are special 
cases of the results of |B-F| . in particular the Euler factorisation, the global functional equation 
and the unramified computation, we reprove them because we feel that this L function obtained 
by restriction, somehow deserves its own theory. Another reason is that we started the writing 
of this paper without knowing the results of |B-F| . 

The paper is organised as follows. In the first section, we introduce the materiel needed. 

In the first paragraphs of the second section, we first define the L function L lm (s, tt) for a generic 
representation tt of GL(2n, F) (Theorem l2.ip . when F is a non-archimedean local field. We prove 
the functional equation (Theorem 12.21) . We then relate the occurence of linear periods for tt and 
exceptional poles of L lm (s,Tr) when tt is unitary (Theorem 12. 4p . To end the non-archimedean 
theory, we compute the Rankin-Selberg integrals when tt is unramified in Paragraph 12.41 
We don't do much in the archimedean case (Paragraph s. 5[) . however we prove results of conver- 
gence and non- vanishing of the archimedean integrals, that we use in the global situation. 

Section [3] is devoted to the global theory. We take tt a cuspidal automorphic representation of 
GL(2n, A), for A the adele ring of a number field k. We first study the integrals I(s, </>, $) associ- 
ated to a cusp form in the space of tt and a Schwartz function $ on A n , via the theory of mirabolic 
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Eisenstein series, to obtain their meromorphicity, functional equation as well as the location of 
their possible poles in Theorem 13. II Then we prove the equality of these integrals (Theorem I3.2[) 
with the Rankin-Selberg integrals ^(s, W-^, <£>) obtained by integrating the Whittaker functions 
associated to <j), and thus get the Euler factorisation in Paragraph s. 21 

In the last part, we define the partial L-function L ' (s,7r), and show that it is meromorphic, 
holomorphic for Re(s) > 1/2, and that it has a pole at 1/2 if and only if ir has a global period 
(Theorem 13 . 3|) . We deduce from this the theorem of Friedberg and Jacquet discussed in the 
abstract (Theorem 13.41) . 

In Section^ we give the results for the odd case. The global Rankin-Selberg integrals are holo- 
morphic this time, and we prove that the partial L-function is holomorphic in a neighbourhood 
of Re{s) > 1/2. 

Finally, in Section [5J we state a conjecture about the classification of generic representations of 
GL(k, F) distinguished by a maximal Levi, for F non-archimedean, in terms of discrete series, 
which is related with the multiplicativity relation of the local L function. 



1 Preliminaries 

1.1 The groups involved 

In this work, k will be a number field, A will be its adele ring. 

The letter F will denote a local field. If F is R or C, we will denote by |.| the standard absolute 
value on R, and the square of the modulus on C. If F is non-archimedean, we denote by D its 
ring of integers, *}} = wO the maximal ideal of this ring, for m a uniformiser of F. We will denote 
by q the cardinality of D/ty, and by |.| the normalised absolute value on F such that \zu\ = cf l . 
We will also denote by |.| the absolute value of A* obtained as the product of the normalised 
absolute values for all places. In every case, if \ is a character of F, we denote by Re(x) the real 
r such that \x(t)\ = \t\ r . 

We denote GL(n, .) by G„ for n > 1, and we set Go = {1}. We denote by A n the torus of diagonal 
matrices in G n . We will sometimes denote by |.| the positive character | | o det of G n over A or 
F. The standard maximal Levi subroup of type (p, q) where p + q — n of G n will be denoted by 
Mp^, and N n will be the unipotent radical of the standard Borel subgroup of G n . We will denote 
by Z n the center of G n . 

For n>2we denote by U n the group of matrices of the form ^ n ~ 1 ; and by U~ its opposite. 
For R a ring, and for x in R n ~ 1 , we denote by u(x) the matrix ( ^ n_1 x j of U n (R), and by 



1 

X I n 

G n . 

If g belongs to G„, we denote by L n (g) the last row of g. 



~(x) the matrix I ) of U n (R). We denote by P n the mirabolic subgroup G n ^\U n of 



We denote by W2 n the element of the symetric group &2n defined by 

fl 2 ... n-1 n n + 1 n + 2 ... 2n - 1 2n\ 
3 ... 2n-3 2n-l 2 4 ... 2n-2 2n) 

and by u>2n+i the element of the symetric group &2n+i defined by 

/12... n-1 n n+1 n + 2 ... 2n 2n+l\ 
\1 3 ... 2n - 3 2n - 1 2n + 1 2 ... 2n - 2 2n ) 
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We will also need the matrix ml 



'2n+l 



of Gin+\ corresponding to the permutation: 



(l 2 ... n-1 n n + l n + 2 n + 3 
^24... 2n - 2 2n 2n + 1 1 3 



2n+ 1 
2n- 1 



) 



as well as the matrix w' 2n of G2n corresponding to the permutation. 



A 2 ... n-1 n n + l n + 2 n + 3 
^1 3 ... 2n-3 2n-l 2n 2 4 



2n 
2n-2 



We will often write w(h) = whw 1 for h in Gi and to a matrix corresponding to an element of 



We denote by M ni „ the standard Levi subgroup of G2« associated with the partition (n,n), 
and by M„ i7 ,_i the standard Levi subgroup of G^n-i associated with the partition (n, n — 1). Wc 
then denote by iJ„,„ the group w 2 n(M n ^ n ) and by if n , n _i the group w 2n -i(M„,„). 



write G CT for C n H n , n . If C is a subset of G2 n -i, we write C a for C fl H, 



1.2 Smooth functions and representations 

When G is the points of an algebraic group defined over Z on F or A, we denote by Sm(G) the 
category of smooth complex G-modules. Every representation we will consider from now on will 
be smooth and complex. 

We will denote by 8r the positive character of Nq{H) such that if \i is a right Haar measure on 
H, and int is the action given by (int(n)f)(h) = f(n~ 1 hn), of Nc(H) smooth functions / with 
compact support on H, then p o int(n) = 5j^{ri)p for n in Ng(H). 

Now G is locally compact totally disconnected. If (it, V) belongs to Sm(G), H is a closed 
subgroup of G, and x is a character of H , we denote by V(H, \) the subspace of V generated by 
vectors of the form n(h)v — x(h)v for h in H and v in V. This space is actually stable under the 
action of the subgroup Ng(x) of the normalizer Ng(H) of 7? in G, which fixes 
The space V"(_ff, x) is iVc; (x)-stable. Thus, if L is a closed-subgroup of Na(x), an d /i is a (smooth) 
character of L, the quotient Vh-,x = V/V(H, x) (that we simply denote by Vh when x is trivial) 
becomes a smooth L-module for the action l.(v + V(H, x)) = ^i(l)n(l)v + V(H, x) of L on Vh, x - 
We say that a representation of G is (_ff , x)-distinguished (we will sometimes omit H when 
the context is clear, and x when \ is trivial) if Vh, x is not reduced to zero, or equivalently when 
Hom H {K, X ) ^{0}. 

If H is a closed subgroup of a p-adic group G, and (p, W) belongs to Sm(H), we define the 
objects {ind%{p), V c = ind%{W)) and {Ind%{p), V = Ind%{W)) of Sm{G) as follows. The space 
V is the space of smooth functions from G to W, fixed under right translation by the elements 
of a compact open subgroup Uf of G, and satisfying f(hg) — p(h)f(g) for all h in H and g in G. 
The space V c is the subspace of V, consisting of functions with support compact mod H, in both 
cases, the action of G is by right translation on the functions. We will sometimes denote V by 



If G = G2„(A), H = H n ^ n {A), and 7r is a cuspidal representation of G, we say that 7r has an 
(H, x)-period if there is a cusp form in the space of it such that 




C°°(H\G,p), and V c by C™(H\G,p). 
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is nonzero. 



We will denote by S(F n ) the Schwartz space of functions (smooth and rapidly decreasing) 
on F n when F is archimedean, and by C^°(F n ) the Schwartz space of smooth functions with 
compact support on F n when F is non-archimedean. We denote by S(A n ) the space of Schwartz 
functions on A n , which is by definition the space of linear combinations of decomposable func- 
tions $ = Y[ u with $„ in S(k") when v is an archimedean place, and in C£°(fc™) when v is 
non-archimedean. On these spaces, there is a natural action of either G n (F), or G n {A), In every 
case, if 9 is a nontrivial character of F or A, we will denote by $ e or $ the Fourier transform of 
a Schwartz function $, with respect to ^-self-dual Haar measure. 

1.3 Reminder about derivatives 

In this paragraph, as well as in the next section, if G is an algebraic group defined over F, we 
will write by abuse of notation G for its P-points. 

For the rest of this paragraph, F is non archimedean, we recall facts from |B-Z) . We define 
the following functors: 

• The functor $~ from Sm(P k ) to Sm(Pk-i) such that, if (tt,V) is a smooth pj-module, 
$-V = V Uh , e , and P fe _x acts on $-(V) by $-tt(p)(« + V(U k ,9)) = 5 Uh {p)~ 1/2 <P){v + 
V(U k ,9)). 

• The functor $ + from Sm(Pk-i) to Sm(Pk) such that, for ir in Sm(P k -i), one has $ + 7r = 

^d p P :_ lUk (s i u / \^9). 

• The functor from Sm(Pk) to Sm(Gk~i), such that if (71", V) is a smooth Pfc-module, 
*~V = V Uh ,i, and G fc _i acts on 9~{V) by + V(U k ,l) = *£/»(ff) _1/ Mp)(« + 
V(U k ,l)). 

• The functor ty + from Sm(Gk-i) to Sm{P k ) 1 such that for 7r in Srn(G k -i), one has 'I'+Tr = 

m4 fe fc _ lt7fe (^ 2 7r®l)=4/ 2 7r®l. 

The functors $~, $ + , and are exact. Every representation r of P ra has a natural fil- 
tration C t„_i C • • • C To = r, where rfc = Q +k Q~ k T. Moreover, writing = \P - ($ - ) fc-1 (T) 
the representation of G n - k , one has T k /T k +i — ($+) fc vl/+ T ( fc + 1 ). If T has finite length, the same 
holds for every r^ k '. 

Recalling that we call a generic representation of G n an irreducible representation 7r which is 
{N n , ^-distinguished, genericity is characterised in terms of derivatives by the fact that n^ n ' = 1. 

2 The local theory 

We start with the non-archimedean case, we get a quite complete theory, with definition of the 
local L-functions, functional equations, unramified computation, and relation between distinction 
and exceptional poles of L-functions. 

2.1 Definition of the local non-archimedean L-function 

Let 9 be a nonzero character of F. Let tt be generic representations of G271, W belong to the 
Whittaker model W(tt, 9), and $ be a function in C^°(F n ). We denote by x a character of Pl n ,n 
of the form h{h\,1%2) ^ a(det(hi)/det(h2)), for a a character of F* , and by 8 the character 
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h{h u h 2 )^ M/N oiH n , n {F). 
We define formally the integral 

This integral is convergent for Re(s) large, and defines an element of C(q~ s ): 

Theorem 2.1. There is a real number r T , x , such that each integral ^(s, W, x, converges for 
Re(s) > r v . Moreover, when W and $ vary in W(tt,0) and C^°(F n ) respectively, they span a 
fractional ideal ofC[q s , q~ s ] in C(q~ s ), generated by an Euler factor which we denote L hn (s, tt, x). 



Proof. The convergence for Re(s) greater than a real r T)X is classical, it is a consequence of the 
asymptotic expansion of the restriction of W to the torus A n , which can be found in |J-P-S2) for 
example. The fact that these integrals span a fractinal ideal of C[q s , q~ s ] is a consequence of the 
observation that ^(s, W, x, $) is multiplied by \h\~ s x~ 1 {h)8 1 l 2 (h) when one replaces W and $ 
by their right translate under h. 

Denoting by c w the central character of tt, and by K n ^ n the points of H n ^ n on D, we write, thanks 
to Iwasawa decomposition, the integral ^(s, W, \, as 

W(pfc)H s_1/2 x(pfc) ( / ${aL n {k))c 7r (a)\a\ 2ns d*a ) dpdk 

As in |J-P-S2j . for any (j) in C^°(N2 n \P2n,0), there is a W such that W\p 2n as <f>. Such a in 
right invariant under an open subgroup U of K n<n , which also fixes x- We then chose $ to be the 
characteristic function of {L n (Ji2), h 2 £ U}, the integral then reduces to a positive multiple of 

cf>(p)\ P r i/2 x(p)dp, 

we now see that for cf> well-chosen, this last integral is 1, i.e. ^(s, W, \, ®) is 1- This implies 
that the generator of the fractional ideal spanned by the ^(s, W, x, can be chosen as an Euler 
factor. 

□ 



2.2 The local functional equation 

Now we want to prove that these Rankin-Selberg integrals admit a functional equation. 

As usual this will be a consequence of a multiplicity one theorem for invariant bilinear maps on 

W(ir,0) x C C °°(F"). 

We will need the following result from |M4| . Let S' be the character of _ff„.„_i defined by 
h(hi,h2) *-> \hi\/\h.2\, then we have the following isomorphisms. 

Proposition 2.1. For an irreducible representation p of P 2n ~\, and a character p of P^n— inif n , n . 
One has 

Homp 2nnHn (p), p) ~ Homp 2n _ inHn n _ 1 (p, p8~ 1/2 ). 
For an irreducible representation p of P2n-2, and a character p of P 2n ^\ H-ff^.n? one has 

iJomp 2 „_ 1 nff„,„_ 1 ($ + (p),A*) - Homp 2ri _ 2nHn _ 1 n _ x (p, pS' 1/2 ). 

Using the Bernstein-Zelevinsky filtration of the retriction to P 2n of 7r, the previous proposition 
implies the following result. 

Proposition 2.2. Let 8 be a positiveon trivial character of F, and n be a generic representation 
of G271, then Hompg n (TT,x\-\~ s ) has dimension 1 for every value of q~ s , except a finite number. 
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Proof. Indeed, the restriction of tt to Pm has a finite composition series, in which every ir- 
reducible subquotient is of the form ($ + ) 2n ~ fe ~ 1, I' + ( j o), for k < In — 1, and p an irreducible 
representation of Gk- But a nonzero element of Hompg (n,x\-\~ s ) must induce a nonzero el- 
ement of H ompg ((<I> + ) 2n ~ fe ~ 1, I' + (p), xl-l _s ) for some k and p. If k > 1, applying repeatedly 
Proposition 12.11 and considering the central character of p, we see that this latter space is zero 
except for a finite number of values of q~ s . For k = 0, then p is 1, and Proposition 12.11 implies 
that Hom P * ((<b + ) 2n ~ li f! + (l),x\-\~ s ) is of dimension 1. The result follows. □ 

From this we deduce the following. 

Proposition 2.3. For almost every s, one has dim c [Hom G ° (tt ® C™(F n ), x~ l & 1/2 \-\~ a )] < 1 - 

Proof. Because of 7r's central character, the space HomH n n (rr,\.\~ s x~ 1 5 1 ^ 2 ) i s zer0 except for 
a finite number of values of q~ s , hence the space Hom>H n „(tt ® C^°(F n ), ^ 1 t5 1 / 2 | -| s ) is equal 
to Hom Hn , n (Tr <8> C^' (F n ),x~ 1 S 1 / 2 \.\~ s ) except for those values (C^ (F n ) being the subspace of 
C^(F n ) consisting of functions vanishing at zero). But 

Hom Hn n (tt ® C~ (F»), x _1 * 1/2 |-l~") - ^i?„,„ (* ® indfcnft,. C 1 ). X _1 * 1/2 |.|"*) 

~ Hom^fTr, Jn4^ nPn ^(ir^V 1 )) ^ Hom ffBiB nfl, B (7r, |.|-* +1/2 X _1 ), 

the first isomorhism identifying l? ni7 , n P2n\H n ,n with F" — {0}, and the last by Frobenius 
reciprocity law. Now the result follows from Proposition 12.21 □ 

Then we obtain as a consequence the following functional equation: 

Theorem 2.2. 

*(l/2 - a, W, X ^S 1/2 , $ e )/L lm (l/2 - a, tt v , af 1 * 1 / 2 ) = e lm (s, tt, x , W, X , *)/L lin (s, tt, x) 

/or e (s, 7r, x, 0) a unit o/C[g s , g — *], where W : g *—> W(w t g~ l ) with w is the permutation matrix 
corresponding to i h-> 2n — i. 

2.3 Exceptional poles and distinction 

We now talk about the link between the exceptional poles of L (s, 7r, x) and linear periods. The 
most complete result we get is for unitary (generic) representations, but we intend to remove this 
restriction in the future. Almost everything in this paragraph is a straightforward adaptation from 
results of [Ml], so many proofs will be very sketchy, or not even written. We will give the results 
in terms of the function L lm (s, tt, x -1 ^ 1 ^ 2 ) rather than in terms of the function L hn (s, tt, x). Of 
course one can then translate the results in terms of L n (s, tt, x). 

Definition 2.1. We say that a pole so of order k ofL lm (s, tt, x^ 1 ^ 1 ^ 2 ) * s exceptional, if it cannot 
occur with this order in any integral ^(s, W^x" 1 ^ 1 ^ 2 , $) when $ vanishes at zero. 

We give the following characterizations of an exceptional pole, which are useful. 

Proposition 2.4. Let Sq be a pole of order k of L hn (s, tt, x -1 ^ 1 ^ 2 ), then for W in W(tt,9) and 
$ in C°°(F n ), the Laurent expansion of $>(s, W, X<^ 2 , at s is of the form B SQ (W, $)/(l - 

q*o— _|_ Then s$ is exceptional if and only if the bilinear form B So factorises as B So (W, (f>) — 

A So (W)cj)(0), for some nonzero linear form L Sa , which is \.\~ s °x-invariant under H n ^ n . 

One also sees that sq is exceptional if and only if it occurs with order strictly smaller than k in 

every integral of the form f N &\ P <, W{p)x ~ 1 {p)°' 1 ^ 2 (p)\p\ s ~ x l 2 dp. 

It is worth introducing another Euler factor, related to exceptional poles. 
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Theorem 2.3. There is a real number r^, such that the integrals 

*(0)(»,W, X )= f W{p) x - 1 {p)\p\ s - 1/2 d Pl 

for W in W(tt,9) are absolutely convergent for Re(s) > r T . They generate a fractional ideal 
of C[q s ,q~ s ], which is the same as the one generated by the integrals ^(W, 3>, X~ \ s )> with $ 
vanishing at zero, this fractional ideal contains 1 . In particular it is generated by a unique Euler 
factor that we denote by Lfe(s,7T,x). Moreover 

has simple poles, which are exactly the exceptional poles of L lm (s, tt, x -1 ^ 1 / 2 ). 

In particular, this allows us to define, for any generic representation tt, a non zero linear form 
on its space, which is x|.| 1 ' 2_s -invariant under P% n . 

Proposition 2.5. Let tt be a generic representation of Gm, then 

K, x -\s ■ W ^ # (0) («, W, x-^/L^s, tt, x- 1 ) 
is a nonzero element o/-ffomp 2 ° n (7r,x|.| 1 / 2 ~ s ). The linear form 

A; )X _ 1)S : W ^ * (0) («, W, x^/L^in, X ~\s) 

is a possibly null element of Homp^ (tt, xU 1 ^ 2-8 )- 

We now state a consequence of Bernstein's characterization of unitary representations via 
exponents of derivatives. For the next Lemma, we consider X of the form X (h(hi, /12)) = 
a(det(h\) / det(hi)) for a a character of F* , which satisfies Re(a) < 0. 

Lemma 2.1. Let X be as discussed just above, and tt be a generic unitary representation of Gm- 
Then Homp^(TT,x) is of dimension 1. 

Proof. According to the criterion 7.4 of [B], the central characters of every irreducible subquotient 
of the nonzero derivatives tt^ are of real part > (fc — 2n)/2, except the central character of the 
highest derivative 7r( 2 ") = 1. Now the restriction of (tt, V) to Pin has a filtration {0} = V n C 
• • • C Vo = V, such that Vk-i/Vk is (\E»+) fc— 1 <&+(7r^ fc ^), so a nonzero element of Hompv (tt,x) 
must induce a nonzero element of Homp^ ((Q> + ) h ~ ll $> + (p), X ) for some fc, and an irreducible 
subquotient p of tt^ . We claim that all these spaces are zero, except Hompv (($ + ) 2n_1 ^E' + (l), x), 
which is of dimension I . 
Indeed, 

Homp Sn ((<S> + ) k -H + (p), x ) ^ Hom P?n+i _ k (V + (p),x»k) - Hom G « n _ k (p, X p k \-\- 1/2 ), 

where p k = <5 _1 / 2 if fc is even, and I if fc is odd. Let fc be < 2n, denoting by z(t) the matrix 
thn-k, one has 

Re( X (z(t))p k (z(t))\z(t)\- 1 / 2 ) = Re( X (z(t))p k (z(t)) + (k - n)/2, 

and Re(x(z(t))p k (z(t)) < 0, hence Re( X (z(t))p k (z(t))\z(t)\- 1 / 2 ) < (k-n)/2, whereas Re(c p (t)) > 
(fc-n)/2, and this implies J ffom P ^(($+) fe - 1 *+(p),x) = {0}. Finally Hom PSn ((<P+) 2n - 1 ^+(l), X ) 
is of dimension I. Hence Homp^(TT, I) is of dimension < I, and actually of dimension exactly I 
according to Proposition 12.51 □ 

This lemma implies the following theorem: 



7 



Theorem 2.4. Let tt be a generic unitary representation of G2n{F) , and \ a character of H n n of 
the form u(det{h\) / 'det(h%)) , with Re(a) > (in particular x can be 1) then tt is \- distinguished 
if and only if L lm (s, tt, x _1 <5 1//2 ) has an exceptional pole at 0. 

Proof. The fact that being an exceptional pole of L hn (s, tt, X _1( ^ 2 ) implies that tt is \~ 
distinguished has already been noticed, and is almost by definition. Conversely if tt is x~ 
distinguished, according to Proposition 12. 1[ we have dim[Homp^(TT y , x -1 )] = 1. But as tt is 
X-distinguished, then 7r v is x~ ^distinguished (because 7r v ~ g H> ?r(*5 _1 ))> and as it is a result 
from | J-R) . that 

dim[Hom G ^(TT V ,x^ 1 )} = 1, 

we deduce that Home* (tt v , X -1 ) = Homp^ ( 7rV ; X -1 )- 
As in Theorem 2.1 of [Ml , this implies: 

¥(1/2, W, X , 8)/L«»(l/2, tt\ x) = cA[ /2 ^ x ^ (W)$(0) 

for a positive constant c. The functional equation then shows that 

*(0, W, X _1 £ 1/2 $) /L lm (0, tt, x^S 1/2 ) = 

whenever 3>(0) = 0. But we already saw that one can choose W and $ vanishing at zero, such 
that ^(s, W, x~ 1 5 1 ^ 2 , $) is 1, hence is a pole of L hn (0, tt, x~ 1 S 1 ^ 2 ), which must be exceptional 
as the quotient ¥(0, W, x~ 1 S 1/2 ®)/L Kn (Q, tt, x~ 1 8 1/2 ) vanishes whenever $(0) =0. □ 

Remark 2.1. It is easy to see, as a consequence of the fact that the restriction of Whittaker 
functions in W(tt, 9) to Pi n have compact support modulo center when tt is cuspidal, that every 
pole of L^Js,-*^ 1 / 2 ) = 1, hence L Un (s, tt, 5 1 / 2 ) is equal to 

II l/(l-g s °- s ). 

{so,7r is |.|~ s —distinguished} 

2.4 The unramified computation 

Here we show that the local Rankin-Selberg integrals give the expected L-function at the unram- 
ified places, we take x = 1 here. 

Let 7T° be an unramified generic representation of GL(2n,F), and W° the normalised spherical 
Whittaker function in W(tt°,9) (here 9 has conductor D), and let $° the characteristic function 
of D". We will use the notations of section 3 of [F]. We recall that tt° is a commuting product 
(in the sense of |B-Z| . i.e. corresponding to normalised parabolic induction) xi x • ■ • x X2n of 
unramified characters, and we denote Xi{ w ) Dv z i- Then it is well-know that if A is an element of 
Z 2 ™, then W(w x ) is zero unless A belongs to the set A + consisting of A's satisfying Ai > • • • > X^ni 
in which case W{vj x ) = S 1 ^ (zu x )s x (z), where s x (z) = det(z^ +n ~ j )/det(z^ j ). 
In this case, using Iwasawa decomposition, denoting by A ++ the subset of A + with A2 ra > 0, and 
writing a' for (oi, 0,3, . . . , a.2n-i) an d a" for (a 2 , 04, • ■ • , <i2n)> one has the identities 

*( S ,^°,$°)= / W {a)8 B 1 {a')8 B 1 {a")^{a 2n )\a\ s 5{a)- 1 l 2 da = 
Ja 2 „ 

W\a)^{a 2n )5 B l ,2 {a)\a\ s da= ]T s x (z)q-"- trX = £ s x (q- s z) 

AGA++ AGA++ 

But this las sum is, as noticed in [F], according to combinatorial identites by Macdonald, to: 
J](l - z iq - s ) JJ(1 -Zjz k q- 2s ) = L(tt ,s)L(tt ,A 2 ,2s). 

i j<k 

We end with the archimedean theory. The results we get are sufficient for the aim of this 
paper, however the theory is very incomplete, we will hopefully come back at it later. 



/, 
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2.5 Convergence and non vanishing of the archimedean integrals 

Here F is archimedean, 9 is a unitary character of F, and tt is a generic unitary representation of 
G2n, as in Section 2 of |J-S| . to which we refer concerning this vocabulary. We denote by W(ir, 9) 
its smooth Whittaker model. 

We denote by <5 the character h{h\, h 2 ) *-> |^i|/|^2| of H n ^ n (F). 

We now define formally the following integral, for W in W(ir, 9), and $ in S(F n ): 

$>(s,W,$)= [ W^(/i)$(£„(/i2))|/i| s <5(hr 1/2 <tfi- 

JN 2n nH nirl \H n , n 

We first state a proposition concerning the convergence of this integral: 

Proposition 2.6. The integral ^(s, W,<f>) is absolutely convergent for s > 1/2 — e, for some 
positive real e. In particular it defines a holomorphic function on this half plane. 

Proof. It is a consequence of Iwasawa decomposition, that to prove this statement, it is enough 
to prove it for the integral 

W{a)\a\ s 8 B l (a')Ssl {a")5{a)- 1 l 2 d*a, 

.-1 

where a' = (a\, . . . , a2n-i), an d a" = (02, . . . , <Xin-ii 1)- However S^(a')Sg n (a")S(a)~ 1 ^ 2 — 

5g 1 ^ 2 (a) = Sg 1 ^ (a)|a|~ 1//2 . But according to Section 4 of |J-S2| . writing ti for aj/di+i there is 
a finite set X consisting of functions which are products of polynomials in the logarithm of the 

|tj|'s and a character x( a ) — Tii=i X*(*») with Re(xi) > 0, such that |W(a)| is majorised by a 

1/0 

sum of functions of the form S(ti, . . . ,i2n-i)£g 2 (£)C x (t), where iS is a Schwartz function on 
and C x belongs to X. Hence we only need to consider the convergence of 

/. 2n-2 2n-l 

C x (t(a))S'(t(a))|ar- 1 / 2 d*a= / C x (t)£(i) [] M*" 1 [J N^" 1 /^. 

The statement follows, taking e = min(—Re(xj)) f° r Cx m '— ' 

Now we state our second result, about the nonvanishing of our integrals at 1/2 for good choices 
of W and <I>. The proof of this proposition, as that of the previous one, will be an easy adaptation 
of the techniques of |J-S| , though we followed even more closely the version of |F-Z) . 

Proposition 2.7. Let s be a complex number with Re(s) > 1/2 — e. There is W in W(tt,0), and 
$ in S(F n ), such that ^>(s, W, $) is nonzero. 

Proof. If not, ^(s, W, $) is zero for every W in W(tt,9), and $ in S(F n ). We are first going to 
prove that this implies that 



/ 

Jn. 



for every W in W(tt,0). Indeed, one has 



w( h \\h\ s - 1 ' 2 dh = 



f W(h)$(L n (h 2 ))\h\ s 6(h)- 1 / 2 dh= f Wig^iLnig^-^lh^dh 

W(ph)\ph\ s -^ 2 d P ) ${L n {h 2 ))dh 
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where \h2\dh is quasi-invariant on AT^ J \G| n) and dh is quasi-invariant on RfnXG^n- 



But P2 n \G% n ~ F n — {0} via /i 1— > L n Qi2), and the Lebesgues measure on i* 1 ™ — {0} corresponds 



to dh via this homeomorphism. Hence, denoting F(h) = § Na y pa W(ph)\ph\ s 1 l 2 dp 1 one has that 
for every $: 

/ F(a;)$(a;)da; = 0, 

Jf»-{Q} 

in particular F(0, . . . , 0, 1) = (taking $ approximating the Dirac measure supported at (0, ... , 0, 1)), 
hence J NSAPin W(p)\p\ s ^ 2 dp = 0. 

Then, one checks (see section 2 of [J-S] ). that for every $ G ^(F™^ 1 ), the map W 7 ^ : g n- 
fpn-i W(gu a (x))$>(x)dx, where u a is the natural isomorphism between F™ -1 and f/^ n , belongs 



to W(ir, 9) again. But I x ] = W I 1 $(£ n (/ii)), hence 



/ W 



ft ) i(L„(/i 1 ))|/i|- 1 / a cy l 



is zero for every and <&, which in turn implies that J N „ ^ H i i W f ^ ^ ^ 1 / 2 <i/i = 

for every W. Continuing the process, we obtain W(l2 n ) — for every W, a contradiction. We 
didn't check the convergence of our integrals at each step, but it follows from Fubini's theorem. □ 



3 The global theory 
3.1 The Eisenstein series 

In the global case, let 7r be a smooth cuspidal representation of G(A) with trivial central character, 
<j> a cusp form in the space of it, and $ an element of the Schwartz space S(A n ). We denote by 
X a character of H n ^ n (A) of the form h(hi, hi) M> a{deb(h\) / 'det(h,2) for a a character of A* /k*, 
and by 5 again the character h(hi, h 2 ) H> |/ii|/|/i2| of H n ^ n (A). Then we define 

f x ^(s,h) = \h\ s X {h)S-^ 2 (h) f $(aL n (h 2 ))\a\ 2ns d*a 

J A* 

for h in H . s in the half plane Re(s) > l/2n, where the integral converges absolutely. It is obvious 
that / X; $(s,/i) is Z2, l (fc)P 2 ^ l (fc)-invariant on the left. 

Now we average on / on P£ n (A) to obtain the following Eisenstein series: 

jez 2n (k)PZJk)\H n , n (k) 

One can rewrite E(s, h, x, 3?) as 

\h\ s X (h)S~ 1/2 (h) f e' $ (a,/i)|a| 2ns d*a, 

Jk*\A* 

where e' 4 (a, h) = E£ek»_[o} ^{a^L n (h 2 )). 

According to Lemmas 11.5 and 11.6 of |G-J| . it is absolutely convergent for Re(s) > 1/2 large 
enough, uniformly on compact subsets of H n ^ n (k)\H n ^ n (A), and of moderate growth with respect 
to g. 

Write 0$(a, h) for 0$(a, h) + $(0), then the Poisson formula for 0$ gives: 

0«(o,/i) - |a|-"]ft 2 ]~ 1 e 4 (a- 1 ,*/i- 1 ). 
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This allows us to write 



E( s ,h, x ,<S>) = \h\ s x(h)5- 1 / 2 (h) / Q'^a,h)\a\ 2ns d*a+\h\ s - 1 / 2 X (h) / &Ua ) t h- 1 )\a\ n ^- 2s U*a+u(s) 

J\a\>l J\a\>l 

with u(s) = -c<£{0)\h\ s X (h)5- 1 / 2 (h)/2s + c3(0) X (h)\h\ s -^ 2 / (1 - 2s). 

We deduce from this the following proposition: 

Proposition 3.1. E(s, h, x, <&) admits a meromorphic extension to C, has at most simple poles 
at and 1/2, and satisfies the functional equation: 

£(1/2 - s,'/!- 1 ,*- 1 ^ 2 , $) = E(s, h, x, <*>). 
Then the following integral converges absolutely for Re(s) > 1/2: 

I(s,<p, X ,$)= [ E(s,h, X ,$)<P(h)dh. 

J Z 2n (A)H n , n (k)\H n , n (A) 

When x is trivial, we simply omit it in the notations. 

Theorem 3.1. The integral I(s, <fi, Xi extends meromorphically to C, with poles at most simple 
at and 1/2, moreover, a pole at 1/2 occurs if and only if the global x^ 1 -period 

X(h)4>(h)dh 

^2„(A)H„,„(fe)\H„,„(A) 

is not zero, and $(0) ^ 0. The integral I(s, </>, x, $) also admits the following functional equation: 

1(1/2 -sJ,x- 1 S 1/2 M=I(s,^X,^), 

where <f> : g h4 (jy^g^ 1 ). 

Proof. It is clear that the residue of I(s, (f>, x, at 1/2 is 

c$(0) f X(h)<f>(h)dh, 

J Z 2n (A)H„,„{k)\H n<n {A) 

hence the result about periods. 

□ 

3.2 The Euler factorisation 

Let 6 be a nontrivial character of A/k, we denote by W$ the Whittaker function on G2n(A) 
associated to 0, and we let 

*(s,^, X ,$)= / W(h)^( v h) x (h)\h\ s 5-^ 2 (h)dh, 

J N-JA)\H n , n (A) 

this integral converges absolutely for Re(s) large by classical gauge estimates of section 13 of 
| J-P-S] . and is the product of the similar local integrals. We will need the following expansion of 
cusp forms on the mirabolic subgroup, which can be found in [0] , p. 5. 

Proposition 3.2. Let cf> be a cusp form on Pi(A), then for any p in Pi(A), then 4> has the partial 
Fourier expansion, with uniform convergence for p in compact subsets of Pi(A): 

m= E (7 <K«0/)( 7 ,)p)0- 1 (y n -i)dy] 

7€A-x(*)\G I _ 1 (fc) V-W/*)'- 1 V V) J 
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Theorem 3.2. One has the identity I(s, cf>, x, = ^(s, W<p, \, for Re(s) large. 
Proof. Denoting by Xs the character l-| s °f H n ,n(A), we start with 



J(s>,X,$) 



E{s,h,x,$)<i>{h)dh 



/ Xi $(s, h)4>(h)dh 



Z 2 „{A)H n<n (k)\H n<n (A) 



Z 2n (A)P^(k)\H„,„(A) 



<$>{Ln(h 2 ))4>(h)xs{h)dh 

We denote for the moment &(Ln(h 2 ))x s (h) by F(h), and for I between 1 and n — 1, we write: 



/ 



/ 



/, = / F{h) 

P% l {k){U 2 i +1 ...U 2n )"{A)\H n , n {A) \(t/ 2!+1 ...t/ 2 „)(fe)\(t/ 2I . ! ,„ii.\! 

and we also write Iq — ^(W^, $, s) and /„ = I(s, <fi, x, ® 



ntyO' 1 (n)dn dh 



To prove the theorem, we only need to prove that = Ij+x, that's what we do now. According 
to Proposition 13.21 applied to 4>i(h) = J <f>(nh)9~ l (n)dn restricted to 

(U 2 l +2 ...U 2n ){k)\(U 2 l +2 ...U 2n )(A) 

E / i< 

7eP ! (fe)\G ! (fc) \(C/ 2i+1 C/ 2I+2 ...C/ 2n )(fe)\(C/ 2i+1 [/ 2i+2 ...[/ 2 „)(A) 



(nuh)du 9 1 {n)dn 



ne(U 2 i +2 ...U 2n )(k)\(U 2l+2 ...U 2n )(A) \i£U° +1 {k)\U° +1 (A) 

But as a system of representatives of P 2l (k)\P 2l+1 (k) is given by the products 7071, for 70 in 
P 2 ^(fc)n^ +1 (GO(fc)\^ +1 (G ; ) = ^ +1 (P)(fc)V^+i( G 0(fc), and 71 in P^(k)w 2l+1 (Gi)(k)\P^ l+1 (k) 

U 2l+1 we § et: 

/ 

</)(nw2j+i {l)h)9~ 1 (n)dn 



E 

7eP£(fe)\.Rf, +1 (fc) \{!7 2!+ i£/ 2i+2 ...C7 2n )(fe)\(!7 2 , + i£/ 2i+2 ...£/ 2 „)(A) 



/ 



(nuh)du 9 1 (n)dn 



\ueUg l+1 (A) 



n£(U2i + 2-U 2n )(k)\(U2i + 2-U 2n )(A) 

Finally replacing in one obtains: 
Ii=Ji= I F{h) 

P% l+x {k){U 2l+2 ...U 2n y(A)\H ntn {A) \U 2 i +2 ...U 2n ){k)\(U 2 i +2 ...U 2n ){A) 



{nh)9- 1 (n)dn dh 



But applying again Proposition [3~2l this time to d>i(h) = j 4>(nh)9 1 (n)dn 

(U 2l+3 ...U 2n )(k)\(U 2l+3 ...U 2n )(A) 

restricted to w' 2l+2 (Pi+2), one has 



E 



/ 



\ 



nw' 2l+2 (j)h)9 1 {n)dn 



7 eP !+ i(fc)\G !+ i(fc) \( C / 2!+2 [/ 2i+3 ...c/ 2 „)(fc)\(c/ 2!+2 ;7 2i+ 3...;72„)(A) 
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/ 



nG(U 2l+3 ...U2„)(k)\(U 2l+3 ...U2„)(A) 



( I 

I cj)(nuh)du 

\£U% l+2 (k)\UZ l+2 (A) 



l (n)dn 



But as a system of representatives of P2i+i(k)\P 2 i +2 (k) 1S given by the products 7071, for 70 
m p 2i+i( k ) n w' 2l+2 (Gi + i)(k)\w' 2l+2 (Gi +1 ) = w' 2l+2 {P l+1 ){k)\w' 2l+2 {Gi +1 ){k) : and 71 in the set 
(k)w' 2l+2 (G l+1 )(k)\P- l+2 (k) ~ U% l+2 (k), we get: 



/ 



76^ ! + 1 (fc)\f , 2 < ' !+2 (fc) 



\(U2l + 2U2l + 3-U2 n )(k)\(U2l + 2U2l + 3-U 2n )(A) 



I 



( 



<ft(nuh)du j 9 1 (n)dn 

ne(U zl+3 ...U 2n )(k)\(U 2l+3 ...U 2n )(A) \ueu£ +2 (A) 

Finally replacing in J/, one obtains J; = 7;+i, and this proves the theorem. 



□ 



As a corollary, we see that ^(s, W^, x, $) extends to a meromorphic function (namely I(s, <fi, \, $))■ 
Writing ir as the restricted tensor product <g)„7r„, for any W = \\ v W v in W(tt, 9), any decompos- 
able $ = J]^ *f m one has 



3.3 The partial .L-function 

Let 7r = ® v ~k v be a cuspidal automorphic representation of G% n {A), and S the finite set of places 
of fe, such that 7iv is archimedean or ramified. We define the partial L-function L lm > s (s, 7r) to be 
the product FJ ;y ^ s L(s, 7r t/ )i(2s, A 2 , 71^), where L(s, tiv) and L(2s, A 2 , 7iv) are the corresponding 
L-functions of the Galois parameter of 7r„. Hence, if 9 V has conductor D at every unramified 
place v, the function L hn ' S (s, n) is the product JIi/^s ^( s ' $v)- Because of this, we see that 
it is meromorphic (it is equal to ^(s, W, <&)/ ELeS ^( s ' W v , for a well chosen $ an VK). We 
now show that L n ' s (s, ir) has at most a simple pole at 1/2, and that this happens if and only if 
7r admits a global period. 

Theorem 3.3. The partial L-function L hn ' S (s, n) is holomorphic for Re(s) > 1/2 and has a pole 
at 1/2 if and only if n has an H n ^ n (A) -period. If it is the case, this pole is simple. 

Proof. Let Soo be the archimedean places of k, and Sf the set of finite places in S. First, for v 
in Sf, as in the proof of Theorem 12.11 we take W v and such that \?(s, W v , <&„) = 1 for all s 
(and $!/(0) ^ because $ u is positive). For any sq > 1/2, if v belongs to Soo, it is possible to 
take W v _ So and & v ,s such that ^(s, Wj, jSo , $j/, So ) is convergent for s > 1/2 — e, and ^ for s = sq 
according to Propositions 12.61 and 12.71 Writing 

= n w »*o n w - n < 

and 

^ = n ^0 n ^ n $ °> 

the theorem follows from the equality Yl ueS i ^(s,W 1/lSo ,^^s )L lm ' s (s,ir) = $(W S0 , $ So , s), and 
Theorems [O and O □ 

We get as a corollary, a well-known theorem of Friedberg and Jacquet ( |FJ) V 



13 



Theorem 3.4. The cuspidal automorphic representation tt of G2n(A) admits a global period if 
and only if L (s, A 2 , tt) has a pole at 1, and L{l/2, tt) ^ 0. 

Proof. It is well know (see |G-J| ) that L(s, tt) is entire, hence L s (s, tt). Moreover L(l/2, tt) = if 
and only if i s (l/2, vr) =0. Indeed L s (s, tt) is an entire multiple of L(s, n), hence one implication. 
Using the Rankin-Selberg convolution for G2n{A) x A*, then for any W in W(tt,9), denoting 
J A , W(a, 1, . . . , l)\a\W 2 <ra by W), EUs I K W(t v , 1, . . . , \)\t v \^-Wd*t v by *(s, W s ), 
and UueS L ( s ^u) by L s (s,n), one has *(s, W<j)L s (s, tt) = [*(s, W s )/L s (s, ir)]L(s, tt). But 
there is e > such that $(s, Ws) converge for Re(s) > 1/2 — e according to the estimates for 
the Wu's retriction to A2 n -i given in Proposition 3 of [TS2] , Hence if L s (\/2,tt) = 0, then 
[^(1/2,W s )/L s (1/2,tt)]L(1/2,tt) = 0, but one can always choose W such that 

[*(l/2,W s )/L lS (l/2 ) 7r)] ^0, 

and Ls(l/2,7r) = 0. It is also proved in [J-S2J that the partial square-exterior L-function 
L (s, A 2 ,7r) can have a pole at 1 which is at most simple. Now the theorem follows from the 
equality L Un > s (s, tt) = L s (s, tt)L s (2s, A 2 , tt) and Theorem^ □ 

4 The odd case 

In this section, we just state the results for the odd case, which is totally similar to the even case. 

In the local non archimedean case, for tt a generic representation of G2 n +i, the integrals we 
consider are the following for W in W{tt,9), and $ in C^°(F n ): 

¥(s,W,x,*)= / W{h)®{L n+x {h x ))\h\ s X {h)dh. 

J N 2n+1 nH„ +1:n \H n+1: „ 

We have: 

Theorem 4.1. There is a real number r„ tX , such that each integral \&(s, W, x, $) converges for 
Re(s) > r n . Moreover, when W and $ vary in W(tt, 9) and C^°(F n ) respectively, they span a 
fractional ideal ofC[q 3 , q~ s ] in C(q~ s ), generated by an Euler factor which we denote L hn (s, tt, x). 

The following functional equation is satisfied. 
Theorem 4.2. 

9(1/2 - s, W, X- X 5 /1/2 , &)/L lin (l/2 - s, tt\ x-W*) = e lin (s, tt, x , 9)9(s, W, X , <Z>)/L Hn (s, tt, X ) 

for e (s, tt, x, 9) a unit ofC[q s , q~ s ], where W : g H y W(w t g~ l ) with w is the permutation matrix 
corresponding to i H> 2n + 1 — i . 

For a unitary generic representation tt, we have the following theorem: 

Theorem 4.3. Let tt be a generic unitary representation of G2n{F), and X & character of H n+ i n 
of the form a(det(h\) I det(h,2)) 7 with Re(a) > (in particular x can bel) themr is x~ distinguished 
if and only if L lm {s, tt, x" 1 ) has an exceptional pole at 0. 

In this case, the cuspidal computation gives the same formula as in remark 12.11 However, 
according to |M4| . a cuspidal representation of Gin+x can never be (H n+ i yn , |.| _s °)-distinguished 
for any complex number sq, hence we actually obtain that L lm (s,Tr) — 1 when tt is a cuspidal 
representation of H n+ i_ n . 

Let 7T° be a generic unramified representation of G2 n +i- The unramified computation gives 
again, thanks to the relation ^s 2 „ + i( a ) = ^b 2 „+i ( a ')°~B 2n+ i ( a "); with a' = (01,03, . . . , a^n+i) and 
a" = (as, 04, . . . , a2 n ), the equality: 
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AeA++ 

In the archimedean case, for n a generic representation of Gin+i-, the integrals 
*(s,W,$)= f W(h)<Z>(L n+1 (hi))\h\ s dh 

J N 2n+1 nH n+1 ,„\H n+ i t „ 

converge again for Re(s) > 1/2 — e for a positive number e depending on n. For any such s, one 
can chose W and $ such that they don't vanish. 

In the global situation, for $ in 5(^4"), we define 

f x ,*(s,h) = \h\ s x(h) [ $(aL n+1 (h 1 ))\a\( 2n+1 > s d*a 

J A* 

for h in H n +± <n . Associated is the Eisenstein series 

jez 2n+1 (k)Pi n+1 (k)\H n+lin (k) 

which converges absolutely for Re(s) > 1/2, extends meromorphically to C, with possible poles 
simple, and located at and 1/2. It satsifies the functional equation 

£(1/2 - s^h- 1 ^- 1 ^ 2 , $) = E(s, h, x , $). 

Then if tt is a cuspidal automorphic representation of G2n+i{A) , and 4> is a cusp form in the space 
of 7r, we define for Re(s) > 1/2 the integral 

I(a,4>, X ,*) = [ E(s,h, X ,$)4>(h)dh, 

J Z 2n+1 (A)H n+lin (k)\H n+ i, n (A) 

which satisfies the statement of the following theorem. 

Theorem 4.4. The integral I(s, <f>, x, *&) extends to an entire function on C. The integral 
J(s, 4>, x, <&) also admits the following functional equation: 

7(1/2 -s,lx^S 1/2 ^) = I(s^,x^), 

where (f> : g i— > (/>(*g _1 ). 

The proof is the same up to the following extra argument. It is clear that the residue of 
I{s,(j),x^) at 1/2 is 

c$(0) f x{h)<Kh)dh, 

J Z 2n+ i(A)H n+lin (k)\H n+1 , n (A) 

but these integrals are to known to vanish according to Proposition 2.1 of |B-F| . hence there is 
actually no pole at 1/2. 

Again, we define 

*(s,Wt, X ,$) = I W^hWLn+^hJWxitydh, 

J N 2n+1 (A)nH n+1>n (A)\H n+ i, n (A) 

and this integral converge for Re(s) large, and is in fact equal to I(s, <fi, x, 

From this we deduce that the partial L-function L hn (s,ir) is meromorphic, and holomorphic 
for Re(s) > 1/2 — e, for some positive e (corresponding to the e of the archimedean case). 
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5 Conclusion 



It would be nice to know, in the non-archimedean case, that if ir is an irreducible representation 
of Gk(F), then L hn (s,n) — L(s, <J)(tt))L(2s, A 2 </>(7r)) for </>(tt) the Galois parameter of n. 
A possible strategy is the following: prove the equality for the discrete series, and prove the 
multiplicativity relation L lm (s,ni x 7ra) = L hn (s, ni)L lm (s, iri)L(s, tti x 7^) where x denotes the 
normalised parabolic induction. 

For the first assertion, we think that it should be a consequence of the known relation between 
local and Shalika models for discrete series, and the exceptional poles of the relevant L-functions, 
as well as the known equality L(s,n)L(2s, A 2 (n)) = L(s, 4>(tt))L(2s, A 2 (^(7r)) (see |K-R| ). In the 
previous equality, the left side of the equality is the Godement-Jacquet L-function times the 
Jacquet-Shalika exterior-square L-function. 

For the second assertion, we think it could follow from the technique of Cogdell and Piatetski- 
Shapiro used in |M2| for proving the inductivity relation of the Asai L-function, and the following 
theorem, that we state as a conjecture, which is analogous to the main theorem of |M3| . 

Conjecture 5.1. Let ir = Ai x ••• x A,, be a generic representation of G2n(L) (which is the 
commutative product the of discrete series Ai). Then tt is H n ^ n - distinguished if and only if one 
can write the set {Ai,...,A r } as a partition of pairs {A, A v } ; and singletons {A}, with A a 
discrete series of G2k{F) with k <n which admits a linear period. 

Let 7r = Ai x • • • x A r be a generic representation of G2n+i{F). Then 7r admits a linear period 
if and only if one can order the set {Ai, . . . , A r } such that Ai = 1, and write {A2, . . . , A r } as 
a partition of pairs {A, A v } ; and singletons {A}, with A a discrete series of G2k(F) with k <n 
which admits a linear period. 

This would actually give a classification of generic representations admitting a linear period 
in terms of cuspidal representations, according to Theorem 6.1. of [M5J. 
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